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Abstract. We consider Clifford algebras over the field of real or complex numbers as a quotient 
algebra without fixed basis. We present classification of Clifford algebra elements based on the 
notion of quaternion type. This classification allows us to reveal and prove a number of new 
properties of Clifford algebras. We rely on the operations of conjugation to introduce the notion 
of quaternion type. Also we find relations between the concepts of quaternion type and rank of 
Clifford algebra element. 
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1 INTRODUCTION 



In this paper, we continue to consider the notion of quaternion type. The first time the notion 
of quaternion type was introduced in [5 ] where we consider Clifford algebras with fixed basis. 
In [0 definition of subspaces of quaternion type is essentially based on the notion of rank. 

New classification makes it possible to reveal and prove a number of new properties of Clif- 
ford algebras. For example, in [[6l a classification of Lie subalgebras of the algebra of the 
pseudo-unitary group based on the method of quaternion typification is given. 

Further, in Q we also consider Clifford algebras with fixed basis and discuss different ques- 
tions related to the notion of quaternion type. We find subalgebras and Lie algebras that consti- 
tute subspaces of quaternion types. 

In this paper, we approach to the concept of quaternion type with a different point of view. 
We consider Clifford algebra as a quotient algebra without fixed basis. We rely on the operations 
of conjugation to introduce the notion of quaternion type. So, notion of quaternion type does not 
depend on basis of Clifford algebra. Then we find relation between the concepts of quaternion 
type and rank. 

2 CLIFFORD ALGEBRAS 

In literature there are several different (equivalent) definitions of Clifford algebras. For ex- 
ample, this question is discussed in JT). We consider one of the most general definitions of the 
Clifford algebra without fixed basis. 

We consider a vector space V of arbitrary finite dimension n over the field F of real (M) or 
complex (C) numbers. We have a quadratic form Q : V — > F (or, equivalently, bilinear form 
q : V x V ->■ F). Note, that 

Q(x) = q(x, x), q(x, y) = -(Q(x + y) - Q(x) - Q(y)). 
Consider the tensor algebra 

oo k 
k=0 

and the two-sided ideal I(V, Q), generated by all elements of the form x <8> x — Q(x) for x E V. 
Then we call the Clifford algebra the following quotient algebra 

a ¥ (V,Q)=T(V)/I(V,Q). 

Also we can consider Clifford algebra as the universal object. The Clifford algebra C£ ¥ (V, Q) 
is an associative algebra with unity e over the field F with linear map j ' : V — > Ci(V, Q) such 
that 

f( x ) = Q{x)e, Va; G V 

and for any another associative algebra A with unity over the field F and any linear map 
k : V — )■ A such that k 2 (x) = Q(x)ca, Vx G V, there exists a unique algebra homomorphism 
/ : Ci ¥ (V, Q) — )■ A such that / o j = k (i.e. corresponding diagram commutative). 
Every Clifford algebra Ci ¥ (V, Q) has a unique canonical anti-automorphism 

t-.a ¥ (v,Q) ^a ¥ (v,Q), 
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satisfying the properties 

t(xy)=t(y)t(x), tot = id, t{j{v))=j{v) Vx,yeC£{V,Q) Vt> G V. 
Also, every Clifford algebra d v (V, Q) has a unique canonical automorphism 

a:a ¥ (V,Q)-^a F (V,Q), 

satisfying the properties 

a o a = id, a(j(v)) = —j(v) Vu G V. 

Sometimes we denote t(x) by x~ and call reversion. We denote ct(x) by x x and call grade 
involution. 

Note that Clifford algebra is a superalgebra: 

tf^v; Q) = a ¥ EvCQ (v, Q) © a ¥ Qdd (v, Q). (i) 

where 

^Even(^,Q) = {xeCf(V,Q)\a(x)=x}, 

Oodd(V,Q) = {xG^ F (\/,Q)|a( a ;) = - a ;}, 
- even and odd subspaces. 

3 SUBSPACES OF QUATERNION TYPES 

Let A be an n-dimensional algebra over the field or real or complex algebras. Suppose that 
the algebra A considered as a vector n- space can be represented as the direct sum of four vector 
subspaces 

A = E © I © J © K. (2) 

For the elements of these subspaces, we use the notations 

e i Een 

AeE, Bel, CGEffil,... 

We call algebra A an algebra of quaternion type with respect to the operation o : A x A — > A, 
if all elements of the corresponding subspaces satisfy the conditions 

E E I E J JJ K K 

A o B, A o B, A o B, A o Be E, 

E II EKJJJJK 

A o B, A o B, A o B, A o Be I, (3) 

E JJ JJ EI K K I 

A o B, A o B, A o B, A o Be J, 

E K K E I JJ JJ I 

A o B, A o B, A o B, A o Be K. 
Let us represent the Clifford algebra C£ ¥ (V, Q) in the form of the direct sum of four subspaces 

as 

a ¥ (v, q) = al{v, q) © a\{v, q) © a\<y, q) © a\(y, q), (4) 

where 

a\{V,Q) = {x e a ¥ (V,Q) \a(x) = {-l) k x, t(x) = (-l)^x}, k = 0, 1, 2, 3. (5) 

~k 

Sometimes we denote Ci^(V, Q) by k and denote arbitrary element by Jje Ctj(V, Q) or k. 
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Theorem 1 . 

• The Clifford algebra G? F (V, Q) is an algebra of quaternion type with respect to the oper- 
ation U,V — > {U, V} of taking anticommutator, 

E = C£~(V, Q), I = al(V,Q), $ = C%(V,Q), K = C%(V,Q) . 

• The Clifford algebra C£ ¥ (V, Q) is an algebra of quaternion type with respect to the oper- 
ation U, V — > [U, V] of taking commutator, 

E = C%(V,Q), I = C%(V,Q), I = C%(V,Q), K = C%(V,Q) . 

We call subspaces © subspaces of the main quaternion types 0, 1, 2, 3. 

Remark. The conditions of the theorem are equivalent to the requirement that, commutator 
and anticommutator of any two Clifford algebra elements of given quaternion types belong to 
subspaces of corresponding quaternion types: 

[M]g2, fc = 0,l,2,3; 

[1,2] Gk, fc = 0,l,2,3; (6) 
[0,1] €3, [0,3] G I, [1,3] GO, 



{k,k} e0, k = 0,1, 2, 3; 

{fc,0}Gk, fc = 0,l,2,3; (7) 
{T,2}G3, {T,3}G2, {2,3}gT. 

The statement of Theorem 1 follows from the relations 

a([x,y]) = a(xy - yx) = a(x)a(y) - a{y)a{x) = (-l) kl+k2 [x, y], 

t{[x,y}) =t{xy-yx) =t(y)t(x) -t(x)t(y) = (-l) Mh t^+ Mh t J1 + 1 [x, y], 
a ({ x , v}) = a ( x V + V x ) = ot(x)a(y) + a(y)a(x) = (-l) fel+fc2 {a;, y}, 

k 1 (k 1 -l) k 2 (k 2 ~l) 

t({x,y}) = t(xy + yx) = t(y)t(x) + t(x)t(y) = (-1) 2 + 2 {x,y}. 
We use the notaion 

d?fj(V, Q) = G?f(V, Q) © a} (V, Q), < k < I < 3. 

a mi^ Q) = a U V > Q) © a i( V > Q) ® a UV, Q), 0<k<l<m<3. 
We say that elements of Clifford algebra Ci F (V, Q) from different subspaces 

c%(v,q), c%(y,Q), c%(v,q), c%(y,Q), ci F m (v,Q), aUv,Q), 

aUv,Q), aUv,Q), g^(v,q), c^(v,q), c^(v,q), (8) 
a^(v,Q), c^(v,Q), a^(v,Q), a^{v,Q) = a ¥ (v,Q), 

are of different quaternion type (or simply type). 
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4 QUATERNION TYPES IN CLIFFORD ALGEBRAS WITH FIXED BASIS, RELA- 
TION WITH RANKS 

It is known, that there exists an orthogonal basis in C£ ¥ (V, Q) 

e, e a , e aia2 , . . . , e 1 - n , 1 < a x < a 2 < . . . < n (there numbers equals 2 n ), (9) 

where e is the identity element. 

Let (p, q) be the signature of the Clifford algebra C£ ¥ (V, Q) (or of the quadratic form Q). We 
have p + q = n, n> 1. Consider the diagonal matrix 77 of order n: 

r/ = ||^||=diag(l,...,l,-l,...,-l), (10) 

whose diagonal contains p elements equal to +1 and q elements equal to —1. 
The generators of Clifford algebra satisfy 

e a e b + e b e a = 27] ab e } Va,6 = l,...n, (11) 

e ai . . . e ak = e ai - a \ 1 < a x < . . . a k < n. 
Any element U E Ci ¥ (V, Q) can be written in the form 

U = ue + u a e a + u aia2 e aia2 + ... + u 1 ... n e 1 - n , (12) 

a\<a-2 

with coefficients u, u a , u aia2 , . . . Ui... n G F. 

Denote by Ct® (V, Q) the vector subspaces of Clifford algebra spanned by the elements e ai - ak 
enumerated by the ordered multi-indices. The elements of subspace Ci ¥ (V, Q) are denoted by 

k 

U and called elements of rank k. We have the classifications of Clifford algebra elements 
according to ranks 

a ¥ (V,Q) = ® n k=o a ¥ k (V,Q), dimdl(V,Q) = C k n . (13) 

We have already noted that the Clifford algebra Ci F (V, Q) is a superalgebra ©. We have 
dimC?E ven (V, Q) = dim(3?o dd (V, Q) = 2 n_1 . For even and odd subspaces we have the follow- 
ing relation with ranks: 

alnjy, Q) = a ¥ (v, Q) © al(y, q) ® al(y, q) © . . . , 
«odd(^ Q) = ®\(v, Q) © al(y, Q) © al(y, q) © . . . 

Subspaces of quaternion types directly related to the notion of element rank. We have 

a ¥ (v, q) = c§(y, Q) © a\{v, q) © c%(y, q) © a\(y, q), (14) 



where 



c%(v,q) = a w (v,Q)®al(v,Q)®al(v,Q)®..., 

a\{v,Q) = a\{v, q) © a ¥ 5 (v, q) © a w 9 (v, q) © . . . , 

ai{v,Q) = al{v, Q) © al{v, q) © cf 10 (v, q) © . . . 

a\<y,Q) = al(v, q) © ce%(v, q) © cf u {v, q)@... 



and a v k {V, Q) = for k > p + q. 
HUE al(V,Q), then 

k k fc+4 fc+8 

U=U + U + U + ..., A; = 0,1,2,3. 
IfUE C^(V,Q), then 

Tl k ~l k I k+A 1+4 

U=U + U= (U + U) + (U + C/) + ..., < < Z < 3. 

5 CONJUGATIONS AND QUATERNION TYPES 

Consider real Clifford algebra Ci m (p, q). Then we have 

(0 + I + 2 + 3) A = 0-1 + 2-3, 

(0 + I + 2 + 3)~ = + 1-2-3, (15) 
(0 + I + 2 + 3) A ~ = 0-1-2 + 3. 

So, the action of the two main operations X and ~ completely determine subspaces of quater- 
nion types. Definitions of these subspaces © can be rewritten as 

= \u g a R ( P , q)\u k = u, tr = u}, 

1 = {U G C£ R (p, q)\U x = -U, U~ = U}, (16) 

2 = {u e a R ( P , q )\u x = u, u~ = -u}, 

3 = {u e a R { P , q )\u x = -u, u~ = -u}. 

Now consider the complex Clifford algebra Ci c (p, q). We use the following notations: 

k = C%(p,q), k + ik = C^(p,q), k = 0,1, 2, 3. 

Complex conjugate of the Clifford algebra element is denoted by U~. 
We have 

(0 + ^ + I + iI + 2 + i2 + 3 + i3) A = + iO - 1 - il + 2 + i2 - 3 - i3, 
(0 + iO + l + iT + 2 + i2 + 3 + i3)~ = + iO + I+iI-2-z2-3-z3, 



(0 + iO + 1 + il + 2 + i2 + 3 + i3)~ 

and 



= 


{C/ G 




\u 


zO = 


{[/ g a c 


(p,q) 


1 u 


I = 


{U G d C 


{pa) 


\u 


i\ = 


{C/ G C£ C 


{pa) 


1 u 


2 = 


{£/ G 0? c 


(pa) 


\u 


i2 = 


{U G C£ C 


{pa) 


1 u 


3 = 


{c/ g of 


{pa) 


\u 


z3 = 


{U G 0? C 


{pa) 


1 



= 0-i0+l-il + 2-i2 + 3-i3 



C/ ; [/~ = u,u- = U}, 

U, E/~ = U,U~ = -U}, 

-U, U~ = U,U~ = U}, 

-U,U~ = U,U~ = -U}, (17) 

[/, [/~ = -[/,[/- = [/}, 

[/, tr = -U,U~ = -U}, 

-U, U~ = -U,U~ = U}, 

-U, ET = -U,U~ = -U}. 
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Also we have 

(0 + iO + T + iT + 2 + i2 + 3 + i3) f = - iO + I - il - 2 + il - 3 + i3, 

(0 + iO + l + iT + 2 + i2 + 3 + i3) x ~ = + iO - I - il - 2 - i2 + 3 + i3, 

(0 + i0 + l + il + 2 + i2 + 3 + i3) x - = - iO - 1 - il + 2 - i2 - 3 + i3, 

(0 + i0+l + il + 2 + i2 + 3 + i3) xt = - iO - I + il - 2 + il + 3 - i3, 

where f is the composition of the operations — and ~ (pseudo-Hermitian conjugation). 

Theorem 2 . 

• Consider the real Clifford algebra CE R (p,q). Then 

01 = {U ed R \U~ = U}, 23 = {u ea R \u~ = -U}, 

02 = {u ea R \u x = u}, 13 = {u ea R \u x = -u}, 

03 = {U eCl R \U x ~ = U}, 12 = {u ea R \u x ~ = -U}. 

• Consider the complex Clifford algebra Ci c (p, q). Then 



01 + iOl 


= {U eCf\U~ 


= u}, 


23 + i23 


= {U eC£ c \U~ -- 


= -u}, 


02 + i02 


= {U G Cl c | u x 


= U}, 


13 + H3 


= {U eCf\U x -- 


= -u}, 


0123 -- 


= {U G Ci c u~ 


= uh 


i0123 = 


{U eCf\U- = - 


-u}, 


01 + i23 


= {U eOf\U x 


= U}, 


23 + i01 


= {U eC£ c \U x = 


= -u}, 


03 + i03 = 


{U G (X c u x ~ 


= uh 


12 + il2 


= {U eCt c \ U x ~ 


= -u} 


02 + il3 = 


{U G (X c U x " 


= U}, 


13 + i02 


= {U ed c \ U x ' 


= -u} 


03 + il2 = 


--{u ea c \ u xt 


= U}, 


12 + i03 


= {u ea c \ u xx 


= -U}. 



Theorem 3 . 

• Let U be an arbitrary element of the real Clifford algebra CE R (p, q). Then 

UU~, U~U, [U,U~], {U,U~}eOl, 

[U,U x }el3, {U,U x }e02, 

UU~ X , U~ X U, [U,U~ X ], {U,U~ x }e03. 

• Let U be an arbitrary element of the complex Clifford algebra Ci c (p, q). Then 

uu~, u~u, [u, u~], {u, u~}eoi + ioi, 

[U,U X ] el3 + il3, {U,U X } e02 + i02, 

[U, U~] G i0l23, {U, U~ x } G 0123, 

UU X , U X U, [U, U x ], {U, U x }e~01 + i23, 

UU~ X , U~ X U, [U, U~% {U, U~ x }e03 + iol, 

[U,U X -] el3 + i02, {U,U X ~} e02 + ii3, 

UU Xx , U Xx U, [U,U Xx ], {U,U Xx } e03 + il2. 
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Note that in the same way we can consider another expressions. For example, we have 

(UU~UU~)~ = UU~UU~, and so, UU~UU~ e Ol for U e C£ R (p, q) etc. 

Theorem 4 . 

• Let U be an arbitrary element of real Clifford algebra C£ R (p, q). 

1. IfUe 01, 23, then [U, U~] = 0. 

2. IfUe 02, 13, then [U, U x ] = 0. 

3. IfUe 03, 12, then [U, U~ x ] = 0. 

• Let U be an arbitrary element of complex Clifford algebra CI {p, q). 

1. IfU 6 01 + i01,23 + i23, then [U, U~] = 0. 

2. IfU e02 + i02,13 + il3, then [U, U x ] = 0. 

3. IfUe 0123, i0123, then [U, U~] = 0. 

4. IfU eOl + i23,23 + iOl, then [U, U$] = 0. 

5. IfU e03 + i03,l2 + iL2, then [U, U x ~] = 0. 

6. IfU e02 + i!3,13 + i02, then [U, U x ~] = 0. 

7. IfU e03 + il2,12 + i03, then [U, U tx ] = 0. 

Note, that, for example, 



Formulas from Theorem 4 generalize this and other statements for Vn > 1. 
6 CONCLUSION 

The classification of all elements of the Clifford algebra C£ ¥ (V,Q) (for any nonnegative 
integers p + q = n) into 15 quaternion types and the application of Theorem 1 to calculating the 
quaternion types of commutators and anticommutators of Clifford algebra elements constitute 
the essence of the method of quaternion typification of Clifford algebra elements. 

Two classifications of Clifford algebra elements are known: the rank classification (fT3l) and 
the parity classification (Q~|). hi many situations we consider expressions containing Clifford 
algebra elements and the problem of determining the rank arises. A similar problem can be 
considered for quaternion type. In many cases, a classification of Clifford algebra elements 
according to their quaternion types makes it possible to obtain instructive results having no rank 
analogues (especially for Clifford algebras if dimension n > 4). Formulas © and © make it 
possible to determine quaternion types of commutators and anticommutators of Clifford algebra 
elements. 

For example, for Clifford algebra of dimension n = 4 we have the following equivalent 
expressions: 



[u,u- x } = o, 



n = p + q < 3. 



[U,V)ea ¥ 2 (V,Q) 
[U,V]eC%(V,Q) 



n = 4; 



n — 4. 
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But for n = 20 the following two expressions represent the same property: 

2 2 6 6 10 10 2 6 6 2 2 10 10 2 6 10 

[u,v], [u,v], [u,v], [u,v], [u,v], [u,v], [u,v], [u,v], 
[u, v] e a ¥ 2 (v, q) © a w 6 (v, q) © a ¥ 10 (v, q) © a w 14 (v, q) © a ¥ 18 (v, q), n = 20; 

[17, y] eal{V,Q), n = 20. 

So, for n > 4 the classification based on the notion of type is more suitable, but it is rougher 
than the classification based on the notion of rank. The classification based on the notion of 
parity is the most roughest among these three classifications. 

Note that all considerations in this paper are valid for the Clifford algebras Ci ¥ (V, Q) of all 
dimensions n = p + q. But we get meaningful results only for n > 4, since for n < 4 the 
concept of quaternion type coincides with the concept of rank 

~k k 

U=U, k = 0,l,...n, n<A. 

For n = 4we have 

00 4 11 22 33 

U=U + U, U=U, U=U, U=U ■ 

Thus, we have suggested a new classification of elements of Clifford algebras based on the 
notion of quaternion type. The new classification makes it possible to describe new properties 
and generalize results valid only for Clifford algebras of small dimensions. In [7] we find 
subalgebras and Lie algebras that constitute subspaces of quaternion types. 

In mathematical and theoretical physics, the unitary, orthogonal, pseudo-orthogonal, sym- 
plectic, and spinor Lie groups and Lie algebras are extensively used. The method of quaternion 
typification can be applied to analyze these groups and algebras. For example, in [6], a classi- 
fication of Lie subalgebras of the algebra of the pseudo-unitary group based on the method of 
quaternion typification is given. 
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